CHAPTER 5
MULTIPLE INTEGRALS

@DOUBLE INTEGRATION ON A GENERAL REGION »
The double integral of the function f(x,y) on the region R in

the xy - plane is defined as:

I= ] f(x,y)dA (1)

2 Fig.2 b X

To calculate the integral, we assume the region R is bounded
by the curvesy =y,(x),y = y,(x), and the ordinates x =a, x =b

as in Fig.2. Divide the region into small elements in the shape of

small rectangles with dimensions dx, oy as in Fig.2.

Let P(x,,y,)any point in the element of areadA, = dx,Jy, and
forming the product f(x,,y,)0A,.

Forming a vertical strip with width Sxfrom the curve y = y,(x)

to the curve y = y,(x).

- 68 -



a Fig.3 b

Adding all such elements in y - direction as in Fig.3 , we obtain
Y2
Z f(x, )0y, [0x
¥=h
Note that the resulting summation is a function of x. Then add-

ing all such vertical strips in the x-direction from x = a to

x=b, we get

b | ya(x)
Z Zf(xkryk)5yk ox,
| (%)

Take the limit as 6x, 5y — 0, the resulting summation will be

transformed into an integration in the form
. b Y¥a(x)
;}\I_I)});;f(xk’yk )6Y,6x, = Ix:a Iyl(x) flx,y)dy dx

This is called the double integration of the function f(x, y)on

the region R.Note that in the double integral
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I= I[IyZ(x)fx, } X
(%)
(i) We work from the inside integral.
(i) We integrate w.r.t. x when the limits are values of x.
(iii) We integrate w.r.t. y when the limits are values of y.
NOTE»
The double integral can also be calculated first with respect
to x , the substituting the limits of integration in terms of y. We
thus obtain a function of y which can be integrated with respect

to y to obtain the result.

x=x,(y
I= Uf(x y)dxdy = Idy{ [ fxy)d }

x=x1(y)

Also note that
1= ([ f(x,y)dxdy = [[ f(x,y)dydx
A
EXAMPLE 1» Calculate
4.0 24
L L (x + 2y)dydx and '1[ '2[ x+2y)dxdy

and compare the results.
SOLUTION
(x + 2y) is first integrated w.r.t. x between x = 2 and x = 4, with

y regarded as constant for the time being.
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4 2 [ 42 4
{J‘ (x+2y) dx}dy—]‘ {—+2yx} dy
2 2 2

1

f [(8+8y)—(2+4y) |dy = j [6+4y]dy
1

=[6y+2y°] = (12+8)~(6+2) =12
Then we reverse the order of integration, We first integrate with

respect to y, then with respect to x, the integral takes the form:
402
I={ [ (x+2y)dydx =12
It is clear that:
4 02 2 4
[, [ e+ 2y)dydx= [ [ (x+2y)dxdy
1

EXAMPLE 2» Evaluate each of the following integrals over the
given region D.

(i)IIeX/YdA , D:{(X,y);lgy <2,y <X Sys}

(i) ” (4Xy -y S)dA » D is the region bounded by
D

y =Jx and x =y°

(iii) _” (6X ‘- 40y )dA 1D is triangle with vertices
D
0,3),(1,1),(5.3)
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SOLUTION
(i)”ex/ydA , D ={(x,y);1gy <2,y <X £y3}
D

(e om = [ for axey ~oyxy o] ~farey[or o
D 1y 1 !

2 2
:%{Zyeyzdy —e ‘[ydy =%[ey2 —yzel2 :%(e4—4e)

(ii) [[(4xy =y *)dA, Dis the

region bounded by Lt
08l y=afx
y =J/x and y =x° osf
04l
The points of intersection are  ,|

y'=x=y’=y*(1l-y)=0
y=0and y =1
=x=0and x =1
(0,0)and (1,2)
N
(ii) ”(4xy ~y°)dA :Idx .[ (4xy —y*)dy

0 X

dx (ny ——y j&:j(ZX (x—x6)—%(x —X ))dx

x3 0

8 13\?
(7X2—X +_ 12jdx_ 1X3—X—+X— zi
4 12 8 52 ., 156

for
|
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(|||)” 6x 40y dA

Dis trlangle with verti- y

ces (0,3),(1,1),(53) . y=3

Since we have two

points on each edge it T T=ix+d

is easy to get the equa- 7~ R Al

tions for each edge .

The region is bounded
by the lines

1 1
=3, y=-2x+3and y==x+—
y Y y 75
Solving for x, we get
X __1 +§ and x,=2y—-1
1 Zy 5 2 =<4Y

3 2y-1

I=[[(6x*—40)dA=[dy [ (6x*-40)dx
: s

I= j.dy [2x° —4Oxy]2y1_1 3
1 2

~40[dy y(2y-1)‘y(_%y+%ﬂ

3 3
I:J.dy{wa—lOOyz+2(2y—1)3—2(—%y+gj }
1
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3
100 1 s 1 3 935
I=|50p%——1°+=(2y -1 Syt | =222
{y 3 v (2 )+(2y+2” 3

1

EXAMPLE 3»

Calculate J: IO xsinydydx

SOLUTION
I :_[0 x(jo sinydy)dx

Assume x as a constant, and integrating w.r.t. y.We get:

I= IO” [—x cos y]zdx = j: [—x cosx + x cos(0)] dx
" 2 i . 2
=J (x—xcosx)dxz—} —j xcosxdx="—-1T1
0 2] 7 2

The second integral I' on LH.S.can be integrated by parts:
I'= J.”xcosx.dx

0

Uu=x — dv=cosxdx
du=dx <v=sinx

I':xsinx—J.sinxdx = XSIN X+ COS X

2
.'.Iz%—(xsinx+cosx)g
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2 2

=2 -[(0-1)-m]=T-+2

@CHANGE THE ORDER OF INTEGRATION»
If a region is bounded from the left by x = hi(y) and the

right by x = ha(y) and below and abovebyy = candy = d,

then we can find the double integral of "dxdy" by first integrat-
ing with respect to x then with respect to y. Sometimes there is
a choice to make as to whether to integrate first with respect to

x and then with respect to y. We do whatever is easier.

EXAMPLE 1»
Calculate the area bounded by the parabola y = x*, and the line
y = x + 2, reverse the order of integration, and calculate again.
SOLUTION

At first we must ob-
tain the intersection
points:

=x+2=>

X’ —x-2=0

(x-2)(x+1)=0

=>x, =-1,x,=2

Substitute into : y =x + 2, we get:

x,=-1=y =-1+2=1=>(-1,1)
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X, =2 = Y,=2+2=4=>(2,4)

A= H dydx

2 32

A= dx[ dy=]" (x+2-x*)dx =%+2x—%

-1
A:1(4—1)+2(2+1)—1(8+1)=§+6—3=2:4.5
2 3 2 2

Note that: when calculate the integral by using the formula

A= ” dxdy

We must divide the region of integration into two portions

A :0<y<1 And A, :1<y<4

The result will be the sum of the two results, as follows:

A= jol dyj_gy? dx + L4 dyjfz dx

= [y + iy + [y -y +2)dy

1 32 2 4
+ Y —y—+2y
3/2 2

1

_ 2™
3/2

0

4 2 1
=210+ Z(8-1) = (16-1)+2(4 1)

3
_4 14 B 1 75-45
373 2
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EXAMPLE 2»
Evaluate the following integrals by first reversing the order of
integration

G)jjx%yﬁydx(H)Tixh+x4dxdy
0x? 03y

SOLUTION

In order to reverse the order of integration.

* First sketch the region given by the original limits of integra-
tion.

* From the integral we see that the inequalities that define this
region are,

0<x <3, x*<y <9 10y
These inequalities tell us sk
that we want the region
withy = x2 on the lower
boundary and y = 9on the
upper boundary that lies s
betweenx = 0 and x = 3. 0

T

-
L)

w

The integral, with the order reversed, is now

39

a)jjx%yhydx
39
jj y3dydx
0x?

9 4 \/y_
- J.e y3dy |:X_i| :1
) 4 4

0

y

\/_ 3
fxeydxdy
0

y2e’ dy

|
e
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1 3 1 01
::4X3I3y2eydy::15[ey}Ozig[eng—ﬁ]

0

8 2
(ii)jjx/1+x4dxdy
oy
The region is bounded by
dy <x <2, 0<y <8 y

Reversing the order of inte- o
gration yields

Il

O ey N
X
w
|_\
+
X
o
o
X
Il

| =

'—.l\)
[EY
+
>
N
—~
SN
X
w
N—
o
X

- —[(1+ 16)** - (1)3’2] - % ~115

EXAMPLE 3» Evaluate the integral

|

ﬁzdxdy

L

-78 -



SOLUTION

Try as you may, you will not find an anti-derivative of ¢ and
we don't want to get into power series expansions. We have
another choice.We can change the order of integration.

The region is bounded above and below by y = 1/3 x and

y = 0. The Fig. below shows the region.

The double integral with respect to y first and then with respect

tox is
3 x/3

'[ Iexzdydx vt

0 0
The integrand is just a

constant with respect to

so we get 1L
y & 0| 2 3 4

This integral can be performed with simple u-substitution.
u = x> du = 2xdx

and the integral becomes
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EXAMPLE 4»

Draw the region of integration for the following integral

8 ¢ \Bx
IO L xy dy dx
Calculate the integral , then change the order of integration and

calculate its value again.
SOLUTION
The limits of y: fromy = x

to y:@,i.e.

y:iy=x = y> =8

line parabola

I= J.Sxdxj-ﬁydy

(8.8
= Oxdx(y—)x
) > X
= 5'[0 x(8x — x*)dx
I P
I—EIO (8x" —x7)dx

_ 1{(8)4 _ (8)4} (®) _512 _ 10067
24 3
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In order to change the
order of integration we
divide the region of inte-

gration by using slides

parallel to x-axis . Thus,

the limits of variation of

x in terms of y will be:

2
fromxz% to x=y.

Then we integrate with respect toy fromy =0 toy = 8.

I:IOSI;/S xy dxdy

8 y 1 ¢8
- .[o ydyjyz/Sde - EJO [x2]§2/8ydy

- 1 y4 yé 8
=Sl Loty -2 [N ah‘ﬂl
4 6
(& B 512 4566
8 768| 3
EXERCISE 4.1

@Calculate the following integrals:

1» '[O” on xsiny dydx

o [ e dydx
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NS

@ In each of the following integrals draw the region of
integration, then calculate the integral. Change the order of

integration then calculate the integral again.

°2 e
s» [, [ dydx

4— 2y
o> | Iﬁydﬂiy

> J-mz dydx 8>J‘ Ifdxd?/

J2Jx?rax

@ In each of the following use the double integration to

calculate the area of the region enclosed by the given curves:
>y’ +x=0,y=x+2

10 x=y>, x=2y-y’

11> y=+a’—x* ,x=%a and y=-a

2rx=y-y*, x+y=0

Calculate the following integrals:

13> Jos ﬁz_X) dydx 14» Iol | f dxdy

15» J _21 jj;z dxdy 16» Iol j 12_ dydx + I 02 jl_/z dydx.
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@ AREA IN POLAR COORDINATES»
Definition of Polar Coordinates (r, 0)

To define polar coordinates,
we first fix an origin O

P(r,0)
(called the pole) and an ini- ,
tia% ray from O . Then each Origi (pole)
point P can belocated by as- \ i
signing to it a polar coordi- 0 o

nate pair (r , 0)in which r
gives the directed distance from O to P and gives the directed
angle from the initial ray to ray OP.

Equations Relating Polar and Cartesian Coordinates

X =1 c0s0, y =rsin 6, x>+ y?=r 2
To find the area of the plane
figure bounded by the polar
curve r = {(0) , and the radius
vectorsat®=061and 6 =0,.

We proceed very much as be-
fore. We find that the Area of
the element

OA= 0r.r 06,

i.e. in general

( area of ) ( area of )
Adg = —
large sector small sector

0, r1r(0)
A= J- J‘ r dT d 0 leads to the formula A4; = rx Ar AB.
6, Jr(6)
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EXAMPLE1»

Determine the area of the
region that lies inside

r =3 + 2 sinfand outsider =2.

SOLUTION
The points of intersection of the
two curves

3+2sinf=2=sinf=-1/2

_7z Uz
6" 6
The region of integration can be determined by
T_g T
6 6

2<r<3+2siné

77/6 3+2sin@

A= I I rdrd@

-7/6 2

1 77[6 +2sin
Ay | [

1 77/6

= j [5+1zsin9+4sin2 e]de

-r/6

177r/6
=5 [ [7+12sin0—2cos26]do

-7/6
1176 -12c0s 0 - sin 267"
2 -r/6

2 2 2
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A=Mr 0B o

3 2 .
EXAMPLE 2»

Calculate the area enclosed by the luminescent r? =4cos20

SOLUTION

From the symmetry we can calculate the area located in the first

quadrant only and multiply the result by 4.

A=4xj0”/4_|‘om rdrd@

A=4xj d9=4x1j”/44coszed9
2 0

0

" ( 1/2 j\/4cos29

0

/4
=8 x 1si11249 =8><1(1—0)=4
2 2

0

-85 -



@ CALCULATING THE VOLUME BY USING
DOUBLE INTEGRATION»

Assuming that the volume
2

is bounded from above by I z2=f(xy
_commnd

a surface whose equation is

given by Z =f (x,y), and
from below by plane area
A, in the xy-plane bounded

by a closed curvey =g (x). ‘
To find the volume we di- —~ 'R

vide the area A into small * i i) Ad,
elements in the form of rec-
tangles with dimensions X, dY, then the elementary area is

SA = 5%, 5Y,
Let P(x,,Y,)be any point in the elementary area 5A,, then

f (X, Vi) 0 A gives the volume of the column above SA as in

the fig. Adding all such columns we obtain approximately the
required volume

V = Z f (X, Yi)OA
If we take the limit as 6 A, — 0, we obtain the required volume

with great accuracy. Thus

V = 5!{@02 f(Xk’ Yk)5A1<

This limit gives the double integral of the function f(X,y) on

the area A which is equal to the volume of the solid .

Y :”f (x,y)dxdy :”zdxdy
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EXAMPLE 1»
Find the volume bounded by the planes:x =1 ,x=3 ,y=1,y

=2 ,z=0and the surface z = x2y2

SOLUTION
2 3 2 3
V= J‘ J'zdxdy: J' dij2y2dx
y=1x=1 y=1 1
2 [T 1
— 2 - — - 2
=y L}ldx—f (O-3y*dy
3 2
[T 2, 182
303 9 9
EXAMPLE 2p»

Find the volume of the solid that lies below the surface given by
z =16xy + 200and lies above the region in the xy-plane bounded
by y=x2andy=8-x2.

SOLUTION
V=[f] dzdxdy

_ z=200+16xy
= lly,, (1 dz) dxdy

V = [[(200+16xy )dxdy
R

Region in the xy-plane :

To obtain the points of intersection of the two curves, we solve
the equations:y = x2and y = 8 - x2
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8—Xx’=x’>=x%’=4 = x =42

8-x?
_[ (200+16xy )dy

2

V = |dx

X
8-x?2
X2

dx [ 200y +8xy * |

N Lee— iy =

= jdx [200(8—x2—x2)+8x (8—x2)2—8x5}
)

- j [1600 —400x 2 +512x —128x 3]dx
-2

400 212800
= [1600x ———x3 4 256x% — 32x4] =
3 —2 3
EDETERMINATION OF VOLUMES BY TRIPLE
INTEGRALM
Surface z, = f(x, y)

ll =

:'.7 %
4

The element of volume 6 v=0x.0y.d z.
Summing the elements up the column, we have

z=2;

SV =) 6x06y oz

z=0
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If we now sum the columns between y = y1 and y = y2, we ob-
tain the volume of the segment.

Y=Y> z=%4

SV.=) D ox6ydz

y=y, z=0

Then, summing all slices between x = x1 and x = x2, we have the
total volume.

X=Xy Y=Y Z2=%4

SV=> > > 6xdyoz

x=x; Y=y, z=0
Then, as usual, if §x > 0,6y — 0 and 6z — 0, the resulting

summation will be transformed into an integration in the form
Z
X=X (Y2
V= I j _[ dxdy dz
X=Xp ¢ 0

The result this time is a triple integral, but the development is
very much the same as in our previous examples.

EXAMPLE 1»
Find the volume bounded by the cylinder x2 + y2=4 and the

planesy + z =4 and z= 0.

SOLUTION.

X t+y'=4 > y=tJ4-x

y+z=4 orz=4-yand z=0

X varies from-2to +2

V= _[” dxdydz
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I
V= I dx I dy J‘ dz
-2

_Jao2 0

N 2 ]/2 4-x
V=|dx 4—-y)dy = | dx| 4y ——

_ ;[_xz( y) / J; |: I 2 i|— 4-x2

]
j.dx[&/él—xz}: 8J2‘ V4 —x* dx

2
To calculate I \J4 — x? dx, we use the substitution

-2
x=2cos0,dx=-2sin6d6
atx=-2 = O=mand x=2 = 08=0

The integral transforms to:

2 0

j N stin 0 x (—2sin 6d6)
-2

—cosZ@ do =2r

o'—.:l

Hence V =16m

EXAMPLE 2»
Set up the integral to find the volume of the solid that lies be-

low the cone z =4 —\/x* + y* and above the xy-plane.

SOLUTION
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The cone is sketched below
We can see that the region R is the
blue circle in the xy-plane. We

can find the equation by setting z

= 0.

0=4-x>+y°

Solving for y (by moving the

square root to the left hand side,

squaring both sides, etc) gives

y =116 -

The "-" gives the lower limit and the "+" gives the upper limit.

For the outer limits, we can see that: -4 < x < 4

Putting this all together gives

V:i N (4—Jx2+y2)dxdy = 641/3
-4 _J16-x?

Notice that this agrees with the formula
Volume = nr?h/3

EXAMPLE3 >

Calculate the integral | = ”I (2xy +3xy * + 2z )dxdydz

the Region bounded by the planes X =0,y =0,z =0

y=2,2Xx+z2=4
SOLUTION
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| = Hj(ny +3xy ? + 2z )dxdydz

=4-2x

I —”dxdy Z I (2xy +3xy %> +2z)dz
Ryy

Z=

= ”dxdy [2xyz +3xy’z +7 [~

Ryy

=”dxdy [4Xy(Z—X)+6Xy2(2_x)+4(2_x)2]

Ry

o'-—,r\)

2
_[[16—16x +4x 7% +8xy —4x°y +12xy * —6x *y *]dx
0

_Idy[16x _gx2+ 4l 3 +4x y — 4—y +6x %y % —2x°y ]
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2

32 16 8
=[5 +5y +8y ]dy—[—y +2Y ]o
0

EXAMPLE4»
Calculate the integral z

IIIXZVZdV s \//:3
v , where V is X+z=4

. 3160

the region bounded by

X=2,y=3,z=-X+4 /‘5:(
and the coordinate planes y / _________ / x=2
SOLUTION

2 3 4-x 2 3 4—x
I :Idxjdy Ixzyzdz:szdxjydy Izdz
0 0 z=0 0 0 z=0
2 \4X 12 3
_.[xzdx'[ydy( j _Ej'xz(4—x)2dx'|'ydy
z=0 0] 0
3

_ Zj(16x2 —8x% +x*)d x(y2 |
0

:Q(Ex?’ _oxt 4 1y
4\ 3

(6]

o
N—
o N

mSPHERICAL POLAR COORDINATES (x, ¢, 0)

The spherical polar coordinate
system (r, ¢, 0) shown in Fig.




1lis related to Cartesiancoordinates by
x =1 sin 0 cosq,

y =rsin 0 sin ¢,

z =1 cosb,

with0<0<m, 0<¢ <2m.

x=psin¢cos b
y=psin¢sinf
z:pms¢

/.

P Cartesian p0-space x Cartesian xyz-space

The Jacobian of the transformation is

oxlor ox 100 ox1d¢
J(r,0,¢)=0y lor oy 106 oy log
orzlor 0z1060 0z10¢

=r?sing
Element of volume

dvV =dxdydz =r’sin@drd &d ¢

Element of surface area is

dS =R?*sin@d @d ¢
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Cylindrical Polar Coordinates (p, 0, z)
The cylindrical polar coordinate sys-

tem (p, 0, z) is illustrated in the Fig., z

and itsrelationships to Cartesian co- /_ \

ordinates is given by

x =p cosh, y = p sin 0, z= z, with

0<0<2mand p=0.

Cube with sides

parallel to the
£ coordinate axes

/.

r Cartesian rfiz-space x Cartesian xyz-space

(-\\

# = constant ¥y

The Jacobian of the transformation is

ox lop ox 1060 oxloz
J(p,0,2)=0y I6p oy 106 oy loz
oL lop 0z 1060 oz loz
cosd -—psingd 0
=|sind pcosd O|=p
0 0 1
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Element of volume :dV =dxdydz = pd pd 8dz

Element of surface area is:dS = pd 8dz
EXAMPLE 1»
Find by triple integration the volume of a solid bounded by the

sphere x2 + y2 + 72 = 4 and the paraboloid x* +y* =3z

SOLUTION

Pyt =4 z=J4-x" -y (1)
2 2

x2+y2:3z:>z:x;y (2)

Limits of z are

x* +y?
z=\/4-x*-y’and z = 3

Area of cross section at the intersec-

tion of (1) and (2) is given

by equating

+
Z:«/4—x2—y2 andz:x 3y

2 22
4_2_2:u
xy(g

= (X2+y2)2+9 (x2+y?)-36=0
= (x2+y?2-3) (x2+y2+12)=0
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The second factor is rejected , so the area of cross section is the

circle x2 +y2 =3,

V= ”J dxdydz

¢7x272
vzjdxdy 4jy dz:jdxdy[ /74_x2_y2_x2;yj
X2+y2

3
To calculate the integral transform to polar coordinates (r, 0),
since the cross section is the circle x2 + y2 =3
Let x=rcos, y=rsin® ,dxdy=rdrdo
We get
Ng

3 2
'f rdr dé (\/4—1’2 —%)
0
3 B/ 3
4 -7 dr — (r—)dr}

d@{
3
—Zﬂ{_—lfxﬁl—rz (=2rdr) — ( jdr}
2 0
NG

—2r jﬂ_ rt
2

2

V:

oy

2

O'—.h‘

o

W[,
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3 4 3 6
EXAMPLE 2»
Calculate the integral aZ

I =%J;fxyz(x +y)dsS

where S is the part of the cylin-
der X% + y2 =4, which lies in
the first octant and bounded by
the planes:2=0,2=5
SOLUTION

I =%J;.[xyz(x +y)dS

Transform to cylindrical coordinates, we have
Z=17y=psing X=pCOSQ
dS = pdepdz

§010—>% , 2:0>5 , p=2=constant

I :%H(pzcoszgzﬁ-psiw-z +pCosg- p’sin’ ¢z ) pd gdz

S
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”[cos psing-z +cosgsin’g-z |d 4d z

I :8[;‘2 dz jcosz¢sin¢d¢ +iz dz jsin2¢cos¢d ¢]
_g (zzj[?—uﬁ3¢Jz+(zz) £9n3¢j2

2 0 3 0 2 0 3 0
A e
L2 U3 2)U3 )] 3

EXAMPLE 3»
Calculate the integral 4

| =ij2d5,whereSisthepart =
S

of the cylinder X +y?=4,which
lies in the first and second octants

and bounded by the planes:
y=0,z=0,z =5, «

1=

SOLUTION
| = ” y?dS
S

Using cylindrical coordinates
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X=2C0S@p,y=2sinp , z=2 ,dS=2dpdz
| =[[y?ds = [[4sin®¢-2d ¢d z
S S
p=0—>7,2:0-55

I :4jd z T(l—c052¢)d ¢ :4(z)g(¢—%sin2goj =207

0 0 -

EXERCISE 4.2

Transform each of the following integrals to the polar form, the

calculate it
ca pNa?-x? a \/,12_:2
> I_ s dydx op IO IO T (2 + y?)dxdy

e 20 \iZax—xz
5> o 0 -[

3
y

x*dydx gp J:O .f : e ) dxdy

7®» Find the volume of a solid whose base is in the xy - plane
anddetermined by the parabola y =4 - x?, and the line

y =3x, and its upper surface is the plane z = x + 4.

8» Find the volume of a solid whose base is in the xy - plane
and determined by the circle X+ ]/2 =a’ , and its upper

surface is the paraboloid a4z = x° + y2 .
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9» Determine the integral _” xdxdy , where S is the region

enclosed by the line joining the two points (0, 2) and

(2, 0) and the an arc from the circle x2 + (y-1)2 =1

10» Determine the integral ” e , where S is the region

enclosed by the parabolay” = x, the two lines y = 1 and
x =0.

xdxdy
11» Calculate ” —y2 , where S is the region enclosed by

the parabola y = %xZ , the liney = x.

' | =|[[¢dv |
12» Calculate the integral , over the upper hemi-
2 2 2 _ _
sphereX Ty +2 _16,where¢_zx.

Evaluate the following integrals

T T T

13. j J jcos(x +Yy +2)dxdydz
cl)n7oln(2) In5

14. _[ J J.e(“y”’dxdydz
In6 0 In4

15. j. X'[ Xj[y(ZX —y —z )dzdydx
0 O 0

16. i _X[ ]2—3dydzdx
0 1 o z

-101 -




17» Find the volume of the wedge
- shaped region enclosed on the
side by the cylinder

X =-cosy,-n/2<y <rxl2,

on the top by the plane Z =-2X ,
and below by the xy-plane.

18. Find the volume of the solid
that is bounded above bythe cyl-

inder Z =4—X?, on the sides by
the cylinder X 24 y 2 =4 and be-
low by the xy-plane.

19. Convertto (a) rectangular coordinates with the order of inte-
grationdz dx dyand(b) spherical coordinates. Then
(c) evaluate one ofthe integrals.

27 N2 a-r?
jj IderdrdH
0

0 r
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20. (a) Convert to cylindrical coordinates. Then,
(b) evaluate the new integral.

1 1-x 2 (x2+y2)
21x y *dz dy dx
0 —x/l—x2 *(Xzﬂ’z)

21. (a) Convert to spherical coordinates. Then,
(b) evaluate the new integral.

1 1-x?2

I I j dz dy dx

-1 _J1x?  x24y?

- 103 -




